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ABSTRACT. The sequential organization of actions necessary to construct a figure in a
dynamic geometry environment (DGE) introduces an explicit order of construction. Such
sequential organization produces what is, in effect, a hierarchy of dependences, as elements
of the construction depend on something created earlier. This hierarchy of dependences is
one of the main factors that determine the dynamic behavior (DB) within a DGE, and the
order is often explicitly stated by terms such as parent and child.

This article is a part of a larger study that examines various instruments developed by
users when they use dragging. It addresses one aspect of dragging: the connection between
dynamic behavior and the sequential order of construction. Junior high students and graduate
students in mathematics education were asked to predict the DB of points that were part of
a geometric construction they had executed using a DGE according to a given procedure,
and to explain their predictions.

The study reveals that while hierarchy in geometric constructions in a DGE is mirrored
by the DB, user actions and perceptions of DB indicate that users often grasp a reverse
hierarchy in which dragging a child affects its parent.

The study reveals four categories of reverse-order predictions, and suggests that these
may be caused by terms and knowledge built into paper-and-pencil geometry, which are
part of the resources users bring to dragging. Examining various DGEs1 in detail reveals
that in some cases the DB is in fact compatible with the reverse-order predictions.

The paper concludes with a brief discussion of some implications for learning activities
and software design.

KEY WORDS: artifact, design considerations, dragging, dynamic behavior, dynamic ge-
ometry environment—DGE, instrument, order of a geometric construction, tool

“A mathematical demonstration is not a simple juxtaposition of syllogisms, it is

syllogisms placed in a certain order2 and the order in which these elements are

placed is much more important than the elements themselves. If I have the feeling,

the intuition, so to speak, of this order, so as to perceive at a glance the reasoning

as a whole, I need no longer fear lest I forget one of the elements, for each of them

will take its allotted place in the array, and that without any effort of memory on my

part.” (Poincaré, Science and Method, 1913/1982, p. 385)

1. INTRODUCTION

Order and dependency are two fundamental concepts of mathematics.
In his essay on mathematical creation, Poincaré (ibid.) suggests that
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understanding order is the necessary condition for invention to take place.
The order of geometric constructions on paper, although central in complex
or advanced constructions, is not critical in many basic ones. But in DGEs,
the order and dependency of mathematical elements and actions are central
from the very beginning. For example, in a paper-and-pencil construction
the geometric constructions of a point on a line or a line through a point
are geometrically identical (they both can be represented as A∈a), but in
DGE, when a point A is constructed on a given line, it can be dragged
only on that line; in this case, dragging does not affect other components
of the construction. However, when a line is constructed through a given
point A, point A can be dragged freely anywhere in the plane, and the
location of the line changes with it. The two alternative constructions have
different dynamic behaviors (Figure 1). By dynamic behavior (DB), we
refer to the following changes that occur on the screen while dragging an
object:

— The degree of freedom of the dragged object: Is it possible to drag the
object, and if so, along which path?

— The response of related objects: Which objects change their location on
the screen during dragging? What are the new locations? And, which
quantities or relations remain invariant?

While executing a geometric construction in DGE it is necessary to state the
relations between objects. These relations establish a hierarchy of depen-
dences between the elements of the construction. Some elements are free,
unrelated to previous elements; others depend on previous elements. We
use the terms parent and child to describe these relations. An element that
is related to a previous one is a child; previous element is its parent, which
creates parent–child relations representing the hierarchy of dependences
between the elements of the construction.

Parent–child relations are intrinsic to working with any DGE. For ex-
ample, the symmetry of the relation between (j) and (k), as expressed in the

Figure 1. Constructing a point on a line or a line through a point.
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Figure 2. Two different procedures for similar constructions.

statement “(j) and (k) are perpendicular” is absent when working within
DGE. One must construct either (j) as perpendicular to (k) or (k) as per-
pendicular to (j).

The DB of (j) is different from that of (k). The slope of (j) can be changed
by direct manipulation of (j); the slope of (k) can be changed only indirectly
by dragging (j ). The slope of (k) depends on the slope of (j), but not vice
versa.

The following example further illustrates the influence of parent–child
relations on DB in DGEs. Procedures A and B in Figure 2 demonstrate the
steps of two constructions that produce the following diagram: .

In procedure A, the perpendicular line (k) is a parent of a point on the
line (E); in procedure B, the perpendicular line (k) is a child of the point
(E). These differences in parent–child relations produce different DBs.

Dragging point E in construction B relocates both the perpendicular
line (k) and point C, but has no effect on segment AB (j). This process can
produce the drawing shown in Figure 3, which cannot be produced by drag-
ging the points of construction A. The corresponding point in construction
A, point E, can be dragged only on the perpendicular line (k), which does
not change its location while dragging E.

Figure 3. Construction B: (k) is a perpendicular line to AB through E (a point outside AB).
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Figure 4. Graph representing the parent–child relationships between the elements of the
two constructions A and B.

Jackiw and Finzer (1993) argue that “all the objects in Sketchpad live
in a dependency diagram, a directed acyclic graph” (p. 3). The graph
(Figure 4) represents the parent–child relations between the elements of the
two constructions A and B and helps identify the differences between their
DBs.

As the complexity of the construction (the number of participating el-
ements and the levels of hierarchy) increases, the effect of parent–child
relations on DB becomes more important and more complicated. More-
over, parent–child relations are not isolated; two procedures that include
different parent–child relations usually include some different elements as
well. For example, procedure B includes a construction of point of intersec-
tion between the original segment and the perpendicular, which is absent
in procedure A.

Based on the distinction between figure and drawing made by Parzysz
(1988), Laborde (1993) argued that DB can take on the role of the writ-
ten procedure. “The movement produced by the drag mode is the way
of externalizing the set of relations defining a figure” (Laborde, 1993, p.
56). A necessary condition for a construction to be correct is the ability to
produce from it several (or an infinite number of) drawings that preserve
the intended properties when variable elements of the figure are modified.
This “drag test” becomes a crucial tool in analyzing student perceptions
and creating learning tasks (Jackiw and Finzer, 1993; Hölzl, 1996, 2001;
Mariotti, 2000, 2001, 2002; Straesser, 2001).

Several studies suggest the need to investigate aspects of dependency,
order of construction, and hierarchy involved in the process of learning
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Geometry with DGEs (Hazzan and Goldenberg, 1997; Chazan and
Yerushalmy, 1998; Goldenberg and Cuoco, 1998; Mariotti, 2000, 2001;
Hölzl, 2001; Straesser, 2001).

Hölzl (1996) found that students had difficulty in developing an aware-
ness of functional dependency. Healy and Hoyles (2001) found that the
same macro, with objects selected in exactly the same order, had two dif-
ferent results and caused confusion among students.

Jones (2000) raised several issues about the way students interpreted
the software environment, pointing to “the aspect of functional depen-
dency” as one of the three aspects crucial for students to recognize in order
to see through the software to the geometry. Jones mentioned that while
the teacher referred to dependency and explained how points of intersec-
tion depended on the other objects, students have developed their own,
somewhat different, interpretation, and while referring to points of inter-
section they used the term glue. Jones also noted that students appear to
be surprised by the fact that the removal of an object also removes all its
children.

Finally, Mariotti (2002) reported that while asking students to judge
whether a solution was correct, the only elements used for checking cor-
rectness were measurement and the precision related to it, and not dragging.
Mariotti argued that one must be aware that the hierarchy of a construc-
tion realizes a logical relationship between given properties and properties
perceived as invariant in dragging mode. In the dynamic of the Cabri fig-
ures, “the relationships between the geometric properties are expressed
globally, so that the pupils may miss some hidden relationships of logic
dependence” (p. 713). Mariotti distinguishes the particular object with its
intrinsic characteristics, designed and realized for the purpose of accom-
plishing a particular task, from the particular object and the modalities of its
use, as elaborated by a particular user. As Rabardel and Bourmaud (2003),
she has called the former artifact and the latter, instrument. These authors
refer to the process of elaboration of different and coordinated utilization
schemes and of the relationship that evolves between user and artifact as
instrumental genesis.

The present study is guided by the notion of instrument (as distinguished
from that of artifact) and argues that the actions students perform together
with the knowledge they construct are shaped by the artifacts they use
(Artigue, 2002; Mariotti, 2002). The study investigates the instruments
various users develop while dragging within a DGE. By dragging we mean
the option to select a point and move it continuously in a plane. The drag-
ging option is not unique to geometry software. It is also present in various
drawing and drafting programs. We refer to dragging within a DGE as
an artifact developed for the purpose of studying geometry. The dragging
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instrument includes the artifact, that is, the geometrical properties of drag-
ging, and the user’s individual interpretations. The ways in which the user
employs dragging, including the appropriation of existing schemas on the
one hand and the mental schemas that dragging elicits or that the user de-
velops by the use of the artifact on the other, represent the instrumental
genesis.

The studies of the instrumental genesis of dragging often involve
solving problems (constructions or open problem explorations). Hölzl
(1996) studied the effect which dragging has on solving familiar geometric
problems whose nature could be described as static, and followed the ways
in which students apply dragging to problems of this nature. Arzarello et al.
(2002) analyzed some modalities that feature the delicate transition from
exploring to conjecturing and proving in Cabri, and identified three modal-
ities of dragging by focusing on the interplay of perception, movement,
and thought: wandering dragging, random dragging used when exploring
a construction; the drag test, random dragging used to diagnose the cor-
rectness of the construction; and lieu muet dragging, dragging a point in
a way that preserves some features. Smith (2002) mentioned another one:
bounded dragging, dragging a point along a perceived trajectory. Arzarello
et al. (2002) found that the different modalities of dragging are crucial for
a productive shift toward a formal approach. They describe the processes
of solution in the Cabri environment and compare it with paper-and-pencil
ones. Smith (2002) used these dragging modalities while studying the
relationship between student actions and reasoning in Cabri geometry
problems.

These studies looked at uses of dragging as a tool for problem solving
of different types (constructing, conjecturing, solving or proving) focusing
primarily on the instrumental genesis. We examine user predictions regard-
ing the DB to learn about their images of dragging. Our focus is therefore
not on dragging as a reflection of the correctness of the procedure, nor
on the relationships between student actions and reasoning in geometry
problem solving. Rather, we study the perceptions of dragging held by ex-
perienced users and focus mainly on the extent to which these predictions
are consistent with parent–child relations.

According to Piaget, the ability to predict the resolution of an action
is one of the characteristics of concept development. For example, an in-
ternalized action is indicated by the subject’s ability to carry out the ac-
tion mentally. A subject whose interiorization is more advanced “may go
through the same motions” only “he performs them in his head before
actually doing anything with his hands” (Piaget, 1976, pp. 121–122).

Arnon et al. (2001) describe the crucial role of prediction in the diagnosis
of concept development as follows:
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“In the course of developing the concept from Action toward Process,
certain personal activity characteristics evolve: a person becomes grad-
ually conscious of the activity and able to describe verbally increasingly
greater parts of it. If the action is concrete, learners can perform greater
and greater parts of it in their mind’s eye before, or instead of, perform-
ing it physically. They are able to predict its resolution and invent short-
cuts. They are satisfied with some details of the action, and are able to
make deductions about the other parts which have not been performed as
yet.”

Based on the assumption that prediction is a stage in cognitive develop-
ment, the study explores the users’ perceptions of DB as expressed in their
predictions and explanations. We analyze the combination of the terminol-
ogy and actions in which interviewees describe the expected DB, and we
learn about the instruments of dragging that they developed. The current
study focuses on interpretations of the connection between the parent–child
relations within DGE and the DB of its elements.

2. RESEARCH DESIGN

The main tool of the study is an interview procedure conducted by Varda,
one of the authors. Two meetings of approximately one and a half hour were
held with each interviewee. Interviews were task based (Goldin, 2002); the
main interaction was with the task and not with the interviewer.

Interviewees performed two constructions in each meeting. In the first
meeting they performed the procedure of construction A (Figure 2) and
an additional, more complex construction. In the second meeting they per-
formed the procedure of construction B (Figure 2) where the order of
construction is different from A, and an additional construction, similar to
the one they performed during the first meeting but with a different order
of construction A.3

The duration of the interview was flexible, and although it was planned
ahead of time, it was kept open to accommodate the response of the in-
terviewees. The current study focuses on the nature of various instruments
developed by users and not on the influence of experience, age, or mathe-
matical knowledge on the development of these instruments. The intervie-
wees were 15 ninth grade students and 10 Mathematics Education graduate
students, some of whom were mathematics teachers. This sample allowed
us to observe the utilization schemes of different users.

Eight of the ninth grade students had used the Supposer for 10–12
hours in their geometry lessons. Since the other seven students had no prior
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experience with any DGE, Varda introduced them to Sketchpad in a two-
hour meeting, after which they were required to work on six tasks (8–10
hours) with Sketchpad on tasks similar to those that the students using
the Supposer have been solving during the semester. The Mathematics
Education students used the Supposer and Sketchpad in their didactic meth-
ods courses. In preparation for the interview, all the interviewees were asked
to solve the same two geometric problems. Each of the interviewees used
one of the two environments (determined in advance by the interviewer) to
complete two geometric constructions by following a given procedure and
to make some conjectures about their geometric properties. The intervie-
wees were given explicit instructions to use drag mode for conjecturing.
All ninth grade students performed the early preparation and were inter-
viewed using the DGE with which they were familiar. Half the Mathematics
Education students (chosen arbitrarily by the authors) performed the early
preparation and were interviewed with the Supposer, and the other half
with Sketchpad.

The three-part task used in the interview was as follows:

1. “Follow a given construction procedure A (or B), using one of the envi-
ronments (Sketchpad or Supposer).” Three issues were emphasized at
this stage:

a) Although the construction procedure was given, it was important
that interviewees physically perform the construction so that the
figure on the screen would not appear to them as a black box.

b) The interviewees were not told what shape or figure they were con-
structing so as to reduce the effects of preconceptions regarding the
outcome of their performance4

c) The procedure was made available throughout the interview so that
interviewees did not have to memorize it but rather make use of it.

2. “Predict the DB of the points in the geometric figure they constructed.”
To demonstrate their predictions, Varda placed a transparency page on
the computer screen. She then asked interviewees to copy the figure
they constructed and to draw (while the transparency was still overlaid
on the screen) another diagram representing their conjecture about the
appearance of the figure after dragging one of its points.

3. “Drag some points of the figure and explain the specific behavior ob-
served on the screen.”

Construction A was chosen as the first task of the interview (and the
only one reported in this article) for several reasons5 : A is a simple,
short, and easy-to-do construction. At the same time, the construction
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presents various non-trivial types of DB, and slight changes in the or-
der of construction clearly affect dragging. Moreover, it does not involve
a known shape that raises expectations. Thus, the simplicity of the con-
struction, and the noticeable effects of changes in the order of construction
on the DB of its elements made it suitable for studying predictions of
DB.

The study found that some of the interviewees regarded the hierarchy of
dependences as one of the main components influencing the DB of a figure
within the DGE. Some of them expressed the relation between the order of
construction and the DB by stating that dragging a parent affected its child.
But the study paid special attention to the majority of the interviewees, who
identified a reverse DB (opposite to the order of construction), in which
dragging a child affected its parent, and tried to trace these interpretations
and their cognitive and didactic roots.

Segments from four interviews are presented: Inbal and Orna, ninth
grade students in a junior high school who have been studying geometry
with the Supposer for over a year, including properties of parallel lines,
triangle congruency, and the properties of parallelograms; and Miri and
Nurit, mathematics teachers who were studying for their MA degree in
the Mathematics Education program. Nurit was teaching mathematics in
junior high school (grades 7–9), and Miri in elementary school (grades
1–6). Examples refer to construction A. Miri and Nurit used the Supposer
and the Sketchpad in their didactic methods courses.

Every interview was videotaped to include the complete sound track
and whatever happened on the computer screen. The video shows the com-
puter screen with the dynamic software and the use to which it is being
put, as well as the image of the interviewee. Every interview was tran-
scribed in full. The sections quoted here were taken from the transcript
while watching the recorded tape. Quotations were selected based on cri-
teria described above, that is, episodes containing interpretations that de-
scribe an inverse connection between the order of construction and the
DB.

The following adjustments were made to assist the readers:

1. The interviews were conducted in Hebrew and translated by the authors
into English.

2. Numbering of lines. The numbering does not necessarily reflect the
placement of the quotation within the complete interview. (Neverthe-
less, when more than one quotation is included from the same inter-
view, they appear in the correct order, so that a later quotation does
not appear earlier in the paper). Each line is designated by a letter
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and a number. The letter indicates the interviewee’s name; the num-
ber represents the number of the line quoted in the article from that
interviewee.

3. Sentence completions appear in square brackets. Sentences have been
completed only in cases in which there was absolute confidence in the
meaning of the interviewee’s truncated sentence.6

4. Verbal descriptions of the operations performed by interviewees are
given within parentheses.

5. Visual description is provided by means of illustrations, showing the
geometric shape referred to in the quotation and visible on the screen,
and the general condition of the screen when a specific object is referred
to in the quotation.

3. USER PREDICTIONS OF DB

Below is a dialog taken from Inbal’s interview (Ninth grade student). In
the first part of the interview, Inbal followed procedure A (Figure 2) using
the Supposer. In the second part she was asked to predict the DB of the
figure she had constructed. Finally, she was asked to drag the figure and
explain what she saw. The transcript below starts right after Inbal has
completed the construction.

I.1. Varda: Can you drag point E?
I.2. Inbal: [Do you mean] on the segment?

(pointing at the perpendicular line)
I.3. Varda: Is E draggable?
I.4. Inbal: Yes. You can move it.
I.5. Varda: Where to?
I.6. Inbal: [To a point] on the segment.
I.7. Varda: Why?
I.8. Inbal: Because it [point E] depends on it

[the perpendicular line].
I.9. Varda: What do you mean?
I.10. Inbal: It [point E] is a part of the

segment. It is on the segment and if
you want to drag it, it will move
on the segment.

It seems that Inbal connects the DB of point E to the parent–child
relationship. She correctly predicts that E, which was built as a point on
the perpendicular line, can be dragged only on that line. But it is not clear
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what she means by “It is on the segment.” She could be referring to the
perpendicular line as “a segment.” Inbal’s perception of the word “depends”
seems vague at this point.

Varda then asks Inbal to predict the DB of another point that was declared
as “a point on the object”, point C (on segment AB). Point C is a parent of
the perpendicular line.

I.11. Varda: Let’s look at point C. Can we drag point C?
I.12. Inbal: I think [yes, we can] . . . (hesitates)
I.13. Varda: Where to?
I.14. Varda: Ah . . . Ah . . . Ah . . . as a matter of fact, on second thought,

I think that we can’t drag it. Because
it [C] depends on the rest of the segments.

I.15. Varda: Can you explain this to me?
I.16. Inbal: If I drag C, then all the segments . . . I don’t know.
I.17. Varda: So? Is C draggable or not?
I.18. Inbal: I changed my mind. I think yes [C is draggable].

Inbal hesitates; she believes that “the rest of the segments” (I.14) influ-
ence the DB of C.

I.19. Varda: Where to?
I.20. Inbal: I don’t know. Anywhere.
I.21. Varda: Why?
I.22. Inbal: It’s a free point.

Although it depends on all those
segments (points with the cursor
to a point between C and E and to BE).

I.23. Varda: Give me an example of where you can
drag C to.

I.24. Inbal: Here and here. (See the two arrows on the
illustration: one between A and C, the
other on the perpendicular line).

According to Inbal, C can be dragged on AB, the parent segment of C,
but it can also be dragged on the perpendicular line, which is the child of
C. Eventually, when Varda was asked again to point to a location to which
we can drag C, Inbal pointed to the perpendicular line; her prediction was
that the child could serve as a trajectory along which the parent could be
dragged. Varda questioned her further:
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I.25. Varda: What will happen to B if you drag C
to this point? (The lower point that
Inbal pointed to on the perpendicular
line.)

I.26. Inbal: It [B] will stay in the same place but
the segment will change.

I.27. Varda: What do you mean?
I.28. Inbal: The segment will be dragged. (She

“drew” with the cursor a segment
from B to the new point she picked.)

I.29. Varda: And where will A be?
I.30. Inbal: Ah . . . we can’t drag it [C] . . .
I.31. Varda: I understand that you say that we

can’t drag it [C] to here (points to the
perpendicular line), but can we drag
it to here (points to a point on AB, the
other point that Inbal chose earlier).

I.32. Inbal: No, it is connected to E. You can’t
drag it [because] it depends on the
perpendicular line.

After struggling with the question of the path of dragging and the effect
of dragging C on the other elements, she finally reached a conclusion:

I.33. Inbal: Ah . . . we can’t drag it . . . If I’ll drag it, A
will move too. I think that we can’t drag C.
We can’t drag it because E is connected to it
[C] . . . You can’t drag it at all because it
depends on this line (she points with the
cursor to the perpendicular line).

Inbal predicted that both the parent and child of the dragging point could
serve as trajectories for the dragging point. For example, she predicted that
point C (a point on AB on which a perpendicular was constructed) could
be dragged to any point along the segment AB or on the perpendicular.
Eventually she chose the perpendicular (child of C) as the trajectory of
point C (the parent).

Varda moved along and asked:

I.34. Varda: What do you think about B?
I.35. Inbal: I can move B.7

I.36. Varda: Where to?
I.37. Inbal: Here and here. (She marks two

points, one on each of the ex-
tended segments AB and EB)

I.38. Varda: Why?
I.39. Inbal: Because EB will change but the

other points will stay in their
place.
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When Inbal was asked to predict where she can drag the end point of
a segment, she immediately pointed at an imaginary extended segment,
giving the sense that the segment produced some form of infinite track
with no constrains on the motion of any point.

Nurit, a graduate Mathematics Education student and a teacher herself
voiced similar ideas when asked to predict the DB of C in construction A.
Nurit was familiar with both the Supposer and the Sketchpad. She used
both in her studies at the university. In the interview she was asked to use
Sketchpad.

N.1. Varda: Nurit, can we drag point C?
N.2. Nurit: I don’t think that it can be moved because the angle between

the line and AB will change. We defined it as 90, and therefore
I don’t think it can be dragged.

N.3. Varda: Do you mean that we can’t drag C?
N.4. Nurit: That’s right . . . Not even along the line. [We can drag it] only

if we select the entire segment.

Varda didn’t fully understand this answer and asked for clarification:

N.5. Varda: [What do you mean?] Why can’t we drag point C?
N.6. Nurit: Because we built AB, and it [C] is a part of that segment. And

we determined that the angle would be 90◦. Therefore, the
moment we try to move C, it would change the first constraint
[that we had determined].

N.7. Varda: You are saying two things: one is that we constructed AB and
the other that we built a perpendicular line. Is one, the other, or
both the reason that C cannot be dragged?

N.8. Nurit: I think it is the 90◦.

Nurit’s perception appears to have been that an element that has a child
cannot be dragged, as if the perpendicular line caused point C to become
fixed.

Thus, in the perception of some of the interviewees, like Inbal and Nurit,
the child determined the path of its parent. Others predicted that an element
can have a different DB in the same construction depending on the next
steps of the procedure; in other words, the DB of an element was changed
by successive steps.

In the third part of the interview, Nurit tried to drag the elements of the
figure she had constructed and explained the DB she saw on the screen:

N.9. Varda: Nurit: Ah, the angle [EBC] is preserved.
N.10. Varda: Why?
N.11. Nurit: Because we placed point E here (pointing to the location of E on

the perpendicular line) and we connected EB so we created an
angle that is preserved.

Nurit dragged another element:
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N.12. Nurit: Well . . . Now I understand. (laughing with some embarrass-
ment.) I built a right triangle.

She dragged point B and observed:

N.13. Nurit: E moves on the perpendicular line . . .

In other words, the distance between E and C changed and the propor-
tion between EC and BC was preserved. Since Nurit mentioned that she
constructed a right triangle (N.12), Varda wanted to verify whether Nurit’s
prediction of the DB of B had to do with the presence of the triangle, so
she deleted segment BE and asked Nurit to predict:

N.14. Varda: Now, can we drag point B?
N.15. Nurit: Yes we can.
N.16. Varda: And what will happen? Will

the point [E] move on the
perpendicular line?

N.17. Nurit: No. The distance between E
and C will be preserved.

Although she just saw that the distance between E and C changes while
dragging point B (On the screen 1), she predicted that after deleting seg-
ment BE (On the screen 2), this distance is invariant while dragging point
B, which means that B has a different DB after the child BE has been
constructed.

Varda constructed again the segment BE and asked explicitly:

N.18. Varda: Is the DB of B different before and after constructing segment
BE?

N.19. Nurit: Yes, because if there is no triangle, why would it have to preserve
the proportion between the sides of the triangle?

Miri, a graduate student, had another interpretation of the parent–child
relation. She predicted that dragging an element would affect its parent.
Miri, who had experience with both the Sketchpad and the Supposer as
part of her studies and teaching, was asked to use Sketchpad during the
interview.

M.1. Varda: Miri, can we drag point E? (E is a
point on the perpendicular line to
AB through C)

M.2. Miri: [Yes we can.] It will move only on
the line.

M.3. Varda: Why?
M.4. Miri: Because we defined it as a point on

the line.
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Clearly, Miri expected E to remain on the line as had been declared in
the procedure. But to clarify what Miri had meant by “being on the line”,
Varda asked about the possibility of dragging E to an exterior point:

M.5. Varda: Can we drag E to here? (The
cursor points to an exterior point
along line k.)

M.6. Miri: Yes we can. It will move with the
whole line.

M.7. Varda: Will the line be moved according
to the new location of E?

M.8. Miri: Yes . . . But wait a second . . . The
angle must remain 90◦. So I think
that we can drag it [point E] to any
place, but A will move too. (See
her drawing on the transparency.)

Miri’s drawing suggests that she expects the dragging of point E to
rigidly relocate the figure according to the new position of E. At first she said
that the perpendicular line would move together with E. Then she noticed
that the right angle had to be preserved and therefore she predicted that the
entire figure would move. According to the transparency, she predicted a
rigid parallel translation.8

Orna, a ninth-grade student, predicted that dragging a child would relo-
cate its parent, as did Miri, but she did not attend to the invariant properties
as Miri did (e.g., the angle was not a 90◦ angle in her sketch).

O.1. Varda: Orna, can we drag point E?
O.2. Orna: Yes, we can drag it.
O.3. Varda: Where?
O.4. Orna: I don’t know . . . anywhere.
O.5. Varda: Why?
O.6. Orna: We can drag it to the right or to the

left, and it will produce a different
figure.

O.7. Varda: Which figure?
O.8. Orna: A triangle, but with different

lengths. (See her drawing on the
transparency.)

O.9. Varda: Why?
O.10. Orna: I don’t know. I think so.

Orna predicted that dragging point E would not change the location of
the other points in the sketch; only the length and location of EC and EB
would change. Note that line (k), which was defined as a perpendicular to
AB, became in Orna’s prediction a segment that was no longer perpendic-
ular to AB and no longer a line.
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4. USER CONCEPTIONS OF REVERSE ORDER RELATIONS

Dragging by means of a mouse, which allows direct manipulation of the
sketch, produces language that endows the objects with attributes such as
those that appear in the following examples: “stretching segment”, “moving
point”, “triangle that changes its shape”, and even “dynamic behavior of an
object”. The literature suggests that these terms create the feel that the ob-
jects may possess an additional dimension of physical plasticity that makes
them manipulable (Mason, 1995; Pimm, 1995; Chazan and Yerushalmy,
1998; Goldenberg and Cuoco, 1998). However, all interviewees displayed
similarly hesitant, embarrassed, and uncomfortable conduct in predicting
the DB of points in constructions which they themselves executed using a
given procedure.

One explanation of this hesitation and embarrassment has already been
mentioned in earlier studies (Hölzl, 1996; Goldenberg and Cuoco, 1998;
Straesser, 2001) and it has to do with problematic terminology owing to
the fact that at times users treat DGE objects as if they were static objects.

For example, when Inbal was asked to predict the DB of point C in con-
struction A, she hesitated (I.12) and changed her mind frequently (I.18),
wavered (I.22, I.30), and was confused (I.20). The confusion and uncer-
tainty appear to indicate that Inbal, like other interviewees, did not grasp the
meaning of dragging as representing the relationship between the various
components of the object. In a conversation at the end of the interview Inbal
was asked to try and generalize “what is it that determines whether a point
can be dragged and what is the drag path.” She answered: “I don’t know.”
When asked further how useful she found dragging to be in her school
problem solving assignments, Inbal answered that she found it useful, and
then clarified her method of work with the dragging tool. “And what have
you done when you were not able to drag a given point?” Inbal answered:
“I simply tried another.”

Even interviewees who explained their predictions based on the course
of the construction procedure and on known geometric properties, and even
after subsequently watching the DB, asked the interviewer at the end of the
session whether their predictions were correct. This was despite the fact
that all had previously used a DGE and none reported difficulties in the
learning process and in the use of the software when asked explicitly about
such difficulties.

But the hesitation here is not as obscure as it might seem, and we
can identify some patterns in the hesitation and confusion. The interviews
presented above express common assumptions regardless of age and ex-
perience. The reverse-order assumptions of DB revealed in the predictions
can be summarized under the following four categories:
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Figure 5. Broken segment—prediction made by one of the interviewees.

1. Dragging a child changes the location of the parent.
Miri and Orna predicted that dragging a child changed the location

of the parent.
Miri predicted that dragging point E (the child) relocates the entire

construction (M.6), in other words, that both the perpendicular line (k)
and the segment AB (the parents of E) were relocated while dragging
E.

Orna predicted that dragging a child relocated both its child and its
parent. Dragging point E changed the slope and length of the perpen-
dicular line (k) and the slope and length of segment BE (O.6–O.8).
Meanwhile the perpendicular line (k) did not remain a line nor a per-
pendicular. This phenomenon of “breaking” a line while dragging a
point was described by other interviewees, that produced sketches sim-
ilar to Orna’s. For example, Figure 5 shows another prediction made by
one of the interviewees who assumed that the parent AB would change
dramatically when dragging the child B.

2. The presence of a child prevents the dragging of a parent.
Inbal and Nurit predicted that point C was undraggable. They both

provided a similar reason for their predictions: the presence of a child
prevented the dragging of point C. Inbal explained that C was undrag-
gable because it depended on point E (I.32–I.33). Nurit predicted that
C couldn’t be dragged because of the presence of the perpendicular line
(k) (N.5–N.8). Point E and the perpendicular line (k) are both children of
point C, and therefore their predictions are examples for a reverse-order
prediction of DB.
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3. The drag path of a point is that of its parent and of its children.
Some interviewees (like Inbal) predicted that both the parent and the

child of a point served as the drag path of the point. Inbal pointed at
segment AB (the parent) and the perpendicular line (k) as the drag paths
of point C (I.24), and when asked about the DB of point B she pointed
at the extended segments of AB and BE (I.37).

4. The DB of an element changes in the course of construction.
Nurit predicted that an element could have a different DB in the same

construction depending on the next step of the procedure (N.13–N.17).
She predicted that after constructing segment BE, the DB of point B
would be different then the DB of the same point B before constructing
BE. First, it would not preserve the distance between E and C, then after
constructing the segment BE it would preserve this same distance.

All four categories suggest reverse-order predictions, specifically, that
the DB of certain elements from among a set of those constructed by the
(n) initial steps is affected by the elements constructed by step (n +1). This
observation contradicts the hierarchical order whereby the earlier a step is
performed the greater its degrees of freedom.

One of the reasons for these reverse-order predictions may lie with
another characteristic exhibited by interviewees: the use of terms to describe
relations between elements borrowed from paper-and-pencil geometry. For
example, when Inbal said that E moved only along the segment because
“It [point E] is on the segment” (I.10) she did not perceive the parent–
child relationship reflected in the DB. In the course of the interview, it
became clear that she spoke about the elements of the “picture” on the
screen as if the picture were static. Even her saying “you can’t drag it [C]
[because] it depends on the perpendicular line” (I.32) and her using the
explicit term “depends” do not indicate that she referred to the parent–
child hierarchy. Inbal could make a statement and its opposite in the same
breath. She said: “It [C]) is connected to E” (I.32), and in the very next
sentence she said: “E is connected to it [C]” (I.33). She used the terms
“connect” and “depend” interchangeably and regarded the dependence as
bi-directional: the child depends on the parent and the parent depends on
the child. Inbal’s statements, like those of other interviewees, indicate that
she perceived a connection between the elements of the construction that
was not affected by causality and had no connection with direction. Jones
(2000) also described a case in which two students used the term “depends”
but only later did the researchers realize that the students did not in fact
perceive the dependence in the relationship but referred to the intersection
as the “glue” that tied together all the elements of the object. In other words,
the meaning of dependence was connection.
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Miri predicted that dragging an element that was not the parent of the
construction would change the location of the entire object, including the
elements defined as the parents of that element. In other words, dragging
point E (a child) would also change the location of the perpendicular (par-
ent) on which the point was constructed, as well as the locations of C
and AB, which were also its ancestors. She further predicted that dragging
would preserve the figure in its entirety: the distances between the points,
their positions, the parallelism of the segments, the sizes of the angles, and
so on.

Is this a logical assumption? Within a DGE, dragging a child by allowing
all points in a shape to move in a way that preserves the properties of the
shape is definitely a logical DB. Nevertheless, Miri’s prediction was that
dragging point E (in construction A), which has the freedom to move on
a segment, would produce a rigid transformation. Within paper-and-pencil
geometry, in a static sketch, the order in which the various components of
an object are drawn and the dependences between these components are
meaningless. This can explain Miri’s prediction that dragging any point,
whatever its position in the order of the construction, would transfer the
entire object to another location on the screen. In a paper sketch it is possible
to transfer E (which was built as a point on the perpendicular line to AB
and not as a point of intersection) to another place and then redraw the
figure in a way that retains all the given constraints.

We find it more difficult to explain the interviewees’ prediction that a DB
of an element will change as a result of subsequent construction procedure
steps (lines N.14–N.17 and N.18–N.19). For example, Nurit predicted that
the DB of B in construction A would change if BE is removed. Even after
seeing that with the completion of the construction dragging B changed the
distance between E and C (as it does in Sketchpad), she still predicted that
after removing BE dragging B would preserve the distance between E and
C. In other words, the behavior of point B is determined by the presence of
BE, which is a child of B. One possible explanation for this prediction is
that Nurit, looking for a well defined result, perceived procedure A as the
construction of a triangle (EBC in Figure 6).

Goldenberg and Cuoco (1998) argued that “Minds tend to interpret sym-
bols at something of a ‘middle level’ of abstraction—neither too narrowly
nor too broadly—unless special knowledge (gained formally or informally)
dictates a different course of action” (p. 354).

The assumption that Nurit referred to construction A as a triangle was
confirmed twice during the interview, at two instances that were not men-
tioned in the transcripts above: (1) At the beginning of the interview, when
asked what she had built, Nurit answered: “A right triangle”; and, (2) in
the second part of the interview, when she tried to drag B, she noticed that
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Figure 6. Triangle EBC in construction A.

the proportions between the lengths of the segments have been preserved
and said: “OK, they are similar triangles.”

Orna showed evidence of the same perception of a triangle when she
explicitly referred to the figure as “a triangle, but with different lengths”
(O.9), which can explain her reverse-order prediction in which dragging a
child relocates its parent, as her sketch indicates.

To summarize, Inbal, Miri, Nurit, and Orna predicted a DB contrary to
that determined by the order of construction and to the hierarchy of de-
pendences that follows from it. Inbal was sloppy regarding the difference
between dependence and connection; in paper-and-pencil geometry this
was never an issue. Miri treated dragging as a rigid translation of the entire
construction, which is indeed the only possible dragging that can be per-
formed on paper. Nurit’s and Orna’s image of the constructed segments was
that of a right triangle, and therefore they associated DB with the properties
of extraneous shapes.

Using a DGE for problem solving in learning geometry is based on the
assumption that the dragging mode is intuitive and clear to the learners.
Mariotti (2002) argues that “The use of Cabri in generation of conjec-
ture is based on the internalization of the dragging function as a logic
control, capable of transforming perceptual data into a conditional rela-
tionship between hypothesis and thesis.” But researchers report difficulties
in using the dragging tool. Mariotti furthermore describes the tendency
of students to use other tools, like measuring, but not dragging. Hölzl
(2001) describes the reluctance to use dragging as follows: “It is strik-
ing (for the observer) that the students mostly used their dynamic sheet
as if it were static. This is particularly mostly surprising at those points
where an expert would certainly use dynamic components, i.e. work in drag
mode.”

We also found that the dragging tool is neither intuitive nor obvious. As
far as the connections between the DB and the parent–child relations of the
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construction is concerned, we found that users have different interpretations
of the DB, and that when dragging is isolated from problem solving users
predict a reverse-order DB.

5. PARENT±CHILD RELATIONS IN DGEs

To better understand the logic of the interviewees, and to underscore
the fact that their wrong answers could be construed as a natural part
of instrumentation rather than misconceptions or obstacles, we under-
take an analysis of the connections between the order of construction
and the DB of the same construction (A) in three different software
environments.

The developers of the Supposer and of Cabri followed the rule that a
child cannot be dragged. Laborde (1995) describes it as 0 freedoms due
to the drag mode, so that dragging of a parent changes the location of
the children but not vice-versa. The developers of Sketchpad allowed the
dragging of children or dependent components of the construction. The
program automatically recalculates new positions for their parents. Jackiw
and Finzer (1993) and Goldenberg et al. (in preparation) call this feature of
Sketchpad “geometry reversibility” (p. 17), and use the concept of function
to demonstrate it. If in the Supposer and Cabri the parent is the independent
variable and the child the dependent variable in the sense that changing the
parent determines the location of the child, in Sketchpad every element can
serve as an independent variable so that dragging it will change the location
of other elements, including its parents.

The DB of geometric objects in Sketchpad, which follows a reverse-
order of construction, was justified by pedagogical and logical considera-
tions as well as by considerations of convenience, ease of use, and intuitive-
ness of the interface. (Jackiw, N., personal communication) Goldenberg
et al. (in preparation) described this as follows:

“Once Nick (Nicholas Jackiw, the designer and programmer of Sketchpad) had
decided to make Sketchpad dynamic, he did not want any of its elements – even
something as seemingly innocuous as labels – to suggest a static state” (p. 7).

While in the Supposer and in Cabri it is not possible to change the
location of a child by direct dragging unless it is specified as a “point on
a figure”, in Sketchpad a child can be dragged directly so that the figure
as a whole is preserved and only its location on the screen changes. For
example, in Sketchpad it is possible to drag the perpendicular (child) in
construction A in a way that changes the location of C (the point on which
the perpendicular is constructed, which is the parent); in the Supposer and
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Figure 7. Dragging a child in Sketchpad 4 relocates its parent.

in Cabri the perpendicular cannot be dragged at all. Figure 7 shows the
dragging of the perpendicular in Sketchpad.

Another example is shown in construction B, in which C is the point
of intersection of segment AB and the perpendicular drawn from point E
to AB (and not a point on segment AB on which a perpendicular is con-
structed, as in the case of A). Dragging point E in Sketchpad changes the
location of the entire construct in such a way that the distances between
points are preserved and segments in the new figure are parallel to segments
in the original figure. This appears to be an intuitive and logical behavior,
but it illustrates the possibility that dragging of children affects the parent
(the dragging of a point of intersection, which is a child, affects the location
of the intersecting segments, which are its parents). According to the geo-
metric order (hierarchy), dragging of a point of intersection (child) cannot
change the location of two segments (its parents), and indeed the Supposer
and Cabri do not permit the dragging of points of intersection. Such points
cannot be moved, despite the fact that rigid translation would not violate a
Euclidean geometry behavior.

Some of the designers’ decisions involve considerations outside geom-
etry. If we consider the effect of dragging point B on point E, an arbitrary
point on the perpendicular line (k) in construction A, the definition of a
point as “on a perpendicular line” says nothing about where on the line the
point falls, nor does it presuppose some notion of the identity of that point
as the line itself translates, rotates, and dilates in the plane. Perhaps the most
faithful dynamic representation of such a definition is one in which the point
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Figure 8. Different DBs of B within different DGEs.

continuously hops about the line, visiting locations on that line chosen at
random with uniform probability. Neither of the three DGEs adopts this
last faithful DB. Dragging point B in Cabri and the Supposer preserves the
distance between C and E, while dragging point B in Sketchpad preserves
the ratio between EC and BC (Figure 8).

When Jackiw (personal communication) was asked to explain why the
ratio was preserved, he answered: “parallel and perpendicular lines inherit
the same metric as the line to which they are Parallel or perpendicular. Thus,
as a segment stretches under dynamic manipulation, a line constructed
perpendicular to it will stretch as well, dilating the distance between any
points placed on that line.”

Jackiw described the procedure that underlines the construction of an
arbitrary point on the perpendicular line as affine transformations consisting
of two steps: (1) Construct an arbitrary point on AB; (2) Rotate the point
90◦ around C as a center. In this manner, Jackiw maintained consistency
of movement, with dragging preserving the ratios.

DB is often a result of design considerations that go beyond the logic
of geometry and are based on a combination of convenience, immediacy,
accessibility, and consistency.

As we argue in the introduction, parent–child relations are an impor-
tant issue in geometric thinking in general; it is less visible in paper-
and-pencil geometry, and it has a crucial role in determining DB in
a DGE. As Laborde (1993) argues, dragging in DGE must reflect the
procedure.

It seems that the three DGEs (Supposer, Sketchpad, and Cabri) were
designed along two different philosophies regarding the connection be-
tween the order of construction and DB. But even the Sketchpad designers,
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who believe that there should be an omnidirectional connection between
order and DB (Cabri and Supposer perform a unidirectional connection
between order and DB, with some exceptions), accept the assumption that
the parent–child relations are a crucial factor because they determine DB.
As Nick Jackiw said in a personal communication, “The software’s job is to
allow you to change as much as possible while preserving the relationships
you have defined. The construction is a system of relationships largely di-
rected by constructed dependency but still open to symmetric behaviors
and inductive assertions.”

The present study shows that even when the DB is fully compatible
with the order of construction, user perceptions about it may vary. The
connections between the reverse-order perceptions found by this study and
the various DB within different DGEs require further study.

6. SUMMARY AND PEDAGOGICAL IMPLICATIONS

The study analyzed a single aspect of predictions of DB: their consistency
with the parent–child relations. The study found that junior high-school and
graduate students who have been working routinely with DGEs predicted
a DB that was contrary to the behavior that would be expected based on
the order of construction. A goal of the analysis was to trace the possible
effects of resources learners were bringing to their instrumental genesis.

By resources we mean the foundations upon which the interviewees’
performance is built. (Schoenfeld, 1985) argues that to understand why an
attempt to solve a problem evolves the way it does, we need to know the
resources (the mathematical facts and procedures) potentially accessible to
the problem solver. We extended this notion to include experience within
physical domains.

The analysis attempted to relate terms and habits borrowed from paper-
and-pencil geometry. We showed further that considerations of software
developers, some of them geometric but also others such as the conve-
nience and user-friendliness of the interface, can produce a DB that at
times conforms to the users’ reverse-order predictions.

The purpose of this analysis was to better understand the DGE arti-
fact and the different types of instruments that various users develop in
the course of working with a dragging tool. Such understanding can help
explain discrepancies between expected and attended actions, can have
implications both for mathematics education and software design, and it
is relevant to mathematics educators, researchers, curriculum developers,
and teachers. Two main conclusions follow from the study. (1) DB as a
representative of dynamic dependence is a complex phenomenon, and we
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assume that this complexity is amplified by differences between DBs (of
the same type) in different software programs. (2) Different users develop
different instruments for dragging and it is possible to identify common
patterns of instrumentation. This study found that the hierarchical relation
of the order of construction and its influence on DB are not clear to users,
some of whom perceived them in a reverse order. A DB that is contrary
to the hierarchical order of geometric construction construes the child as
affecting the parent. The diversity in design considerations and outcomes
requires that researchers and educators learn more about the artifact of
dragging, understand which patterns of instrumentation are developed by
different users, and make assumptions about their origins. Studying the ef-
fect of using a specific DGE on the perception of the DB and its agreement
with the order of construction, and tracing the instrumentation process of
the DB and its agreement with the order of construction are two possible
paths for such an investigation.

Healy and Hoyles (2001) argue that the tool-set is an important part of
the problem-solving learning activity and “the solution strategies cannot
be judged independently from the tool-set with which they are expressed.”
(p. 254) Our findings suggest that to better understand the learning process
of geometry within a DGE, it might be necessary to pay more attention to
the assumption that the DB can be regarded as a dynamic representation of
the construction procedure.

We further recommend studying the possible contribution of multiple
representations within the context of geometry and DGE design, a method
that was explored in other environments and proved to be cognitively use-
ful in algebra (for a book length treatment, see Romberg et al., 1993;
Yerushalmy, 1999).

Jackiw and Finzer (1993) argue that “manifestations of order of de-
pendency or logic path are virtually absent from sketch” and at the same
time “the script (e.g., the course of construction) describe exactly the set of
dependencies relegating some objects to others”(p. 10). Each of the three
DGEs presented in this article attempts to display the course of construc-
tion. Cabri II offers a Replay function (History is no longer available),
which recaps the construction process step by step with the addition of
textual explanations. Sketchpad 3 allows the recording of a construction
script and its subsequent replay, and version 4 supports the creation of a
textual script of the construction process using the Create tool.

At least three questions should be raised for further investigation:
How does representing the script (as all the three DGEs do) affect stu-
dent perceptions? Does the script reflect the DB? And, how do various
types of representation affect those perceptions? Considering the find-
ings of the current study, it may be beneficial to consider representing
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Figure 9. Multiple representation display for construction A.

the structure of the construction in a way that projected the hierarchical
dependences.

One possibly useful display can be a multiple representation consisting
of three windows: the procedure, the construction, and the parent–child
relations map. The example in Figure 9 shows such a display for con-
struction A. The effect of this type of multiple representations on student
conceptions requires also further investigation.

It is important that the dragging tool and the relations between the order
of construction and the DB become part of the learning activities and an
explicit subject of discussion while learning geometry.

The study showed that a simple construction, suitable for novices, which
does not define a known object in its properties or name, such as con-
struction A, provides an opportunity to inquire about the user’s expecta-
tions and to discuss the object’s DB as well as the factors affecting its
DB.

It is necessary to further study the DB of dynamic properties to re-
veal various patterns of instrumentation developed using dragging within
DGEs. But naturally, the meaning of an improved tool will emerge only
when it is put to meaningful use, in activities that are easy to construct
but that exhibit complex DB. Activities of this type allow users to ex-
press their expectations based on intuitive models, and to talk explic-
itly about these models. As Lave and Wenger (1991) said, in this way
the tool becomes part of the community, its habits, and its channels of
communication.
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NOTES

1. The discussion focuses on three DGEs: Cabri II (Baulac et al., 1994), The Geome-
ter’s Sketchpad 3 (Jackiw, 1995), and The Geometric Supposer for Windows (Schwartz
and Yerushalmy, 1998). Interviewees used the Supposer and the Sketchpad during the
interviews.

2. Emphasis in the original.
3. In the course of a pilot experiment we found that performing both tasks, A and B, in

close succession, overloaded and confused the interviewees. But when we separated the
two tasks and performed them at different times, predictions about the behavior of each
of the constructions seemed free from notions related to the previous construction.

4. The data in this paper concern only construction A.
5. Goldenberg et al. (in preparation) suggested to include this task to investigate DB.
6. The completed part does not change or add to what is being said; the completions have

been added because a written transcript of a live conversation appears fragmented and
not sufficiently clear for those who were not present at the conversation. It was also
found that interviewees tended to use general terms like “this and that” or “the line” and
so on, and did not name with precision the objects they were discussing.

7. In order to be precise in describing the interviewees’ utterances and accurately report
the data, we use the different words ‘dragging’ and ‘moving’. Despite the fact that the
two words can have different meaning in Hebrew, it was obvious from the explanations
and actions of the interviewees during the entire interview that they used ‘dragging’ and
‘moving’ in the same meaning.

8. Although it makes perfect sense that any translation of E would result in a rigid translation
that preserves the shape and its properties, Miri’s prediction was wrong for the Sketchpad
she was working with as well as for the other two DGEs. The Sketchpad allowed this
rigid translation but only if E was an intersection point. Cabri and the Supposer do not
permit the translation of a dependent object.
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